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UNIVERSAL R-MATRIX OF QUANTUM AFFINE 0[(1,1) 


HUAFENG ZHANG 


Abstract. The universal i?-matrix of the quantum affine superalgebra associated to the 
Lie superalgebra 0[(1,1) is realized as the Gasimir element of certain Hopf pairing, based 
on the explicit coproduct formula of all the Drinfeld loop generators. 


1. Introduction 

Let 5 be a non-zero complex number which is not a root of unity. Let g := 0 l(l, 1) 
be the simplest general linear Lie superalgebra. Let U = Uqi^) be the associated RTT- 
type quantum affine superalgebra without central charge and without derivation. As a 
deformation of the universal enveloping algebra of the loop Lie superalgebra g[t, U^], this 
is a Hopf superalgebra neither commutative nor cocommutative. In this paper we study its 
quasi-triangular structure, namely we compute its universal R-matrix, an invertible element 
in a completed tensor product satisfying notably (Remark [5H]) 

3?A(x) = A“P(x)3? for xGU. 

In the non-graded case, the universal R-matrix for quantum affine algebras (non-twisted 
and twisted) has been obtained by Khoroshkin-Tolstoy |KT2] and Damiani [Dali IDa2] . It 
plays a fundamental role in the representation theory of quantum affine algebras: it was 
used by Frenkel-Reshetikhin m to define the notion of ^-character of a finite-dimensional 
representation, by Frenkel-Hernandez m on Baxter polynomiality of spectra of quantum 
integrable systems associated to quantum affine algebras, and by Kashiwara et al. on a 
cyclicity property |Ka| of tensor products of finite-dimensional simple representations and 
on generalized quantum affine Schur-Weyl duality |KKK] . to name a few. 

In a series of papers [Zhll IZh2l IZh3| devoted to the study of quantum affine superalge¬ 
bras associated with the Lie superalgebras qI{M,N), the highest Uweight classihcation of 
finite-dimensional simple representations, a cyclicity result of tensor products of fundamen¬ 
tal representations and ^-characters were obtained. These results are similar (sometimes 
simpler) to the non-graded case of quantum affine algebras. We would like to look for 
explicit formulas of the universal R-matrix for these quantum affine superalgebras. 

Khoroshkin-Tolstoy [KTl] proposed the notion of Cartan-Weyl basis to produce the uni¬ 
versal R-matrix of quantum groups associated with finite-dimensional contragrediant Lie 
superalgebras. In the affine case, there are explicit formulas of the universal R-matrix for: 
Yangian double associated to 01(1,1) in [CWWX] . to osp(l,2) in |ACFR| and to Qi{M,N) 
in |RS] : quantum affine superalgebra associated to 0 [( 2 , 2 ) in |Ga] and to Cq^\2) in m- 

In the present paper, we treat the special case 0 [( 1 ,1). As indicated in [Zh2] . the quantum 
affine superalgebra U is the Drinfeld quantum double of a Hopf pairing : A x B —C, 
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where A, B are upper and lower Borel subalgebras respectively. We prove that ip is non¬ 
degenerate by exhibiting orthonormal bases for A and B with respect to these bases are 
formed of ordered products of Drinfeld generators (up to scalar). The universal i?-matrix 
of U is the Casimir element for 99; see Equations (I 5 . 12 p - () 5 . 16 l) for precise formulas. 

The arguments in this paper is similar to |Dal| and simpler; ordered products of Drinfeld 
generators are already orthogonal, which is not true in the non-graded case for the Cartan 
loop generators. In [CWWXj, for the closely related Yangian double DY(g[(l, 1)), universal 
i?-matrix was written down (without proof) as the Casimir element of a certain Hopf pairing 
following |KT 3 | relating Drinfeld-Jimbo coproduct to Drinfeld new coproduct by a twist (see 
also the end of Our approach does not need any twist, and is more transparent thanks 
to the nice coproduct formula of Drinfeld generators. The universal i?-matrix of U looks 
simpler and is easy to specialize to certain representations. 

The general case qI{M,N) is still under investigation: analogous Hopf pairing ip exists; 
the coproduct formulas for Drinfeld generators are much more complicated (even for 0l2). 
It is question to hnd similar orthonormal bases for the underlying Hopf pairing. 

The plan of this paper is as follows, ^proves the coproduct formula for all the Drinfeld 
generators, ^computes the Hopf pairing ip in terms of Drinfeld generators, ^proves some 
orthogonal properties of the Hopf pairing, resulting in the universal i?-matrix written down 
in As illustrating examples, the Perk-Schultz i?-matrix, which is used to dehne the RTT- 
type quantum affine super algebra U, comes from a specialization of the universal i?-matrix 
on natural representations; Baxter polynomiality of transfer matrices on tensor products 
of hnite-dimensional simple representations is deduced in the spirit of Frenkel-Hernandez; 
Drinfeld new coproduct is realized as a twist of the RTT coproduct. 

2. Hopf superalgebra structure 

In this section, based on the Gauss decomposition, we write down the commuting relations 
among the Drinfeld generators of the quantum affine superalgebra associated to g[(l,I). 
Furthermore, we compute the coproduct for all these Drinfeld generators. 

Let V := Cui © Cv2 be the vector superspace with the Z2-grading: 

|ui| = |I|:=0, |u2| = |2|:=T. 

Set di := l,gi := q,d2 ■= —1 and q2 '■= q~^- Recall the Perk-Schultz R-matrix 
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R{z, w) = Y. - wq~^)Eii © Eii + {z-w)Y Eii © Ejj 

i=i i^j 

+z{q - q~^)E2i © Ei 2 + w{q~^ - q)Ei2 © £'21. 

Here the Eij G EndV for i,j = 1,2 are the linear endomorphisms: Eij{vk) = 

The quantum affine superalgebra U := t/g(g[(l,l)) is the superalgebra defined by the 
RTT-generators for i,j = 1,2 and n G Z>o, with the Z2-grading = 

1*1 + lil) with the following RTT-relations 

R 23 {z,w)Ti 2 {z)ns{w)=Tis{w)n 2 iz)R 23 iz,w) G (£ © EndV®^)((^'^, )), 

R23{z,w)Si2{z)Si3{w) = Si3{w)Si2{z)R23iz,w) G {U © EndV®^)[[z, tc]], 
R23iz,w)Ti2{z)Si3{w) = Si3{w)Ti2{z)R23{z,w) G {U © EndV®^)((z”^ tc)), 
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,(0) _ JO) _ 0 (0) _ _ (0) (0) foj. , _ 1 2 

Herer(z) = EL=i ^ (C^«'EndV)[[z-i]] and tij{z) = Engz>o4”^^~" ^ U[[z-^]] 

(similar convention for S{z) with the replaced by the z”). 

17 is a Hopf superalgebra with coproduct (set e{i,j,k) := (—l)(l*l+l^l)(l^l+IJ)) 

2 2 

A{sij{z)) = '^e{ij,k)sik{z) ® Skj{z), A{tij{z)) = '^e{i,j,k)tik{z)®tkj{z). 
k=l k=l 

It is Z-graded in such a way that = n = — Introduce 

P := Zei © Ze 2 , a := ei - 62 , Q := Za, Q>o := Z>oa. 

Let (,) : P X P —Z be the bilinear form (e*, ej) = Sijdi. Then U is Q-graded by setting: 
X G {U)p if for i = 1,2. In particular, |s-j^|Q = \t\f\Q = ^i-ej. We 

remark that the Z-grading and the Q-grading respect the Hopf superalgebra structure. 
The superalgebra U admits another system of generators, the Drinfeld generators: 

En, Fn, hs, Cs, ('S®)'‘'\ for n G Z, s € Z^o and i = 1,2. 

The commuting relations among these generators are as follows: 

(Dl) |(4 °¥^Iq = |/i.lQ = = 0 and = a = -|F„|q; 

(D2) the Cs are central elements and [hs,ht] = 0 for s,t G Z^o! 

(D3) for n G Z and s G Z^q we have (denote [s] := ) 

[hs,En] = q^^-^En+s, [hs,Fn] = 

(D4) [Ejn,Fn] = {q- q~^){(t>ti+n - 4>m+n) where the are defined by 

= E '^7" := ((«S°i oM±i<i -<(-■) E 

riEZ '5>0 

(D5) [Em, En] = [Em, Fn] = 0 for m, u G Z. 

Introduce the following formal series with coefficients in U: 

E+{z) = Y,EnZ^, E-{z) = -Yl 

ri>0 n< — l n>l ri<0 

(^) = exp(±(g - q-^) ^ h±sz^"), K^{z) = Kf{z)(t)^{z). 

s>0 

The Drinfeld and RTT generators are related to each other by the Gauss decomposition: 

(sii{z) si 2 {z)\^f I o\/ r:+(z) 0 a E+(z)\ 

V*2i(^;) S22{z)) \F+{z) ly V 0 iL2^(2:)y VO 1 y’ 

Aii(^) ii 2 (^)\ I 0\ (K^{z) 0 \ (I E-{z)\ 

\t2i{z) t22{z)) \F [z] ly V 0 e :2 (^)y 1 y 

as matrix equations over the superalgebras U\^z\\ and t7[[z“^]] respectively. Note that the 
sub-index for the E, F, C, h, cj)^ refers to the Z-degree. 
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The main result of this section is the coproduct formulas for all the Drinfeld generators. 


Proposition 2.1. The coproduct of Drinfeld generators is as follows: 


(2.2) 

A{E^{z)) = 1 (g E^{z) + F±(z) (g 0±(z), 


(2.3) 

A(F±(2)) = 0±(^) (g E^{z) + F±(z) ® 1, 


(2.4) 

A{(j)^{z)) = (j)^{z) (g (?!)^(z), A{Cs) = l0Cs + Cs 

A{hs) = li^hs + hs^l + — - TT Fj g Fs_j 

siq-q-^)U 

„-sM 

A{h—s) — 1 g h—s E h—s g 1 -|- \ E—s+i 

<q-^-q)U 

g 1 for s G Z^O) 

(2.5) 

/or s > 0, 

(2.6) 

g F_j /or s > 0. 


Proof. Equations (j2.2h - (l2.4jl were proved in [CWWZ] . As the idea is simple, for complete¬ 
ness we give a proof to the formulas A{En) with re > 0. From the Gauss decomposition: 

A(hi) = l(g)/ii + hi(8)l-|- - — -Eq (g) Fi, A(Fo) = 1 (g Fq + Fq 0 </>o ■ 

q-q-^ 

Assume the formula A(F„). Since [/ii,F„] = qE^+i, we have 

n 

A{qEn+i) = [1 0 hi +/ii (g 1 H- ^ Fq (g Fi, 1 ig F„ + Fj (g (/)+_J 

^ ^ i=0 

n 

= 1 (g qEn+i + Y] qEi+i (g • -|- - —-Fq G [Fi , F„] 

n+1 

= g(l (gF„+i^Fj (g(/>+^^_.), 
i =0 

giving the desired formula for A(F„_|_i). 

Let us prove Equation (12.5p . (The idea applies perfectly well to Equation (|2.6p !i Intro¬ 
duce the following power series with coefficients in 


fi{z) := '^{q-q~^){l®hs + hs^l+ , _ Ei ^ Fs-i)z^ =:'^ 


S — 1 


s>0 


s{q-q 


hsZ 


i=0 


s>0 


d 


fi{z) := exp((g-g ^)^A(/is)2;®), p!{ z)-.=— g.{z). 


s>0 


Claim 1. For s,t G Z> 0 ; Pspt = ptps G F®^. 

This follows from a straightforward calculation. Equation (12.51) then becomes 

( o ) : = t{z.)p'{z) € F ®^[[ 2 ;]]. 

Set H{z) := {q — q ^)hsz‘‘ G By definition, we have 

Jl{z) = - (?e^(^)F+(z) (g E+{z)e^^^\ 
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Now (a) left multiplied by e (8) 1 and right multiplied by g ^ (8) e becomes: 

([ ^^(^) ,^+(z)] + ) (8) F+(z) + £;+(z) (8) = {E+{z) (8) ^+( 2 ) - q~^)x{z). 

dz dz dz 

Here x{z) := Yh X]i=o Fs-ie~^^^\ By Relations (D2)-(D3) 

s>0 

CmFn+mZ^ with the Cm dehned by 

m>0 

CmZ^ := exp((q - q'^) ^ = exp(^ 


m>0 

It follows that 


s>0 


s>0 


1 - g2« 1 _ q‘^z 


1 - z 


--2 = 


s-1 


x{z) = 


s>0 

/+1 


2=0 m>0 

_ i+lr 


I 

m+s—iCmZ — ^ ^ Z ^ ^ X^ iEi ( 8 > 
Z>0 *=0 


Xi,i = ^ Q+i_sg^[s] = g*+^[i + 1] + g(/- i) for 0 < i < L 

5=2+1 

Claim 2 . We have (ill+( 2 ;) (8> F~^{z))x{z) = 0 G C/®^[[z]]. 

Let 0 < j < k and 1 < a < 6. Consider the term EjEk (8> FaFh appearing at the LHS: 

{Ej ® Ea){Ek ® + {Ej 0 F,){Ek ® Fa)Xfe,a+fc-l2“+'’+^'+"-^ 

+ 8) Fa){Ej 8 Fb)a:,-+ {E^ 8 Fb)(L;,- 8 Fa)xya+i-i^“+''+^'+'^"^ 

— FjFfg 8 FaEfjZ ^ ( Xk^lj-\-k—i E X^^a+k—l E Xj^h+j — 1 Xj^a+j — l)' 

It is straightforward to check that —x^fi+k-i + Xk,a+k-i + ^j,b+j-i — Xj^a+j-i = 0. Claim 2 
therefore follows. Equation (a) becomes: 

(6) : [^^,E+{z)] 8 F+(z) + ^ ir+(^) + £;+( 2 ) ^ = -g-+(z). 

By nsing [hs,En] = ^F^En+s we get (after direct calculations) 

[+h. £+(,)] + + 


dz 


dz 


a>0 


□ 


Now Equation (b) follows from: g“+^[a] E b = q ^Xa^a+b-i for a > 0, 6 > 0. 

Compared to |CWWZ] . Eqnations (|2.5p - (l2.6l) are simpler as the Cartan loop generators 
hs are chosen differently, which will simplify the universal i?-matrix in lj5l 


3. Quantum double 

In this section, we recall the qnantum donble construction of U and compnte explicitly 
the associated Hopf pairing in terms of Drinfeld generators. 

Let A (resp. B) be the subalgebra of U generated by the (resp. the 

Then A and B are sub-Hopf-superalgebras of U. In terms of Drinfeld generators, A 
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(resp. B) is generated by the ^ (resp. the and the coefficients of the 

E^{z), F~^ (z), (z), cj)'^(z) (resp. with + replaced by —). 

There exists a Hopf pairing ip : A x B — > C, which is an even bilinear form satisfying 

ip{a,bb') = (-l)l^ll''V(a(i), 6 )¥ 5 (a( 2 ),& 0 ! 1 ) = e(a); 

ip{aa', b) = tp{a', b(^i))p{a, 6 ( 2 )), (p{l, b) = e( 6 ) 

for homogeneous a, a' € A and b,b' £ B. (/j is determined by [Zh2[ Proposition 3.10] 

(3.7) V ip{s,,{w),tab{z))Eab(S>E,, = eEndV^^[[-]]. 

^ zq — wq~^ z 

i,j,a,b=l 

p makes the tensor product A® B into a Hopf superalgebra I)^(H, H), called quantum 
double. U is the quotient of ‘I)^(A, B) by the Hopf ideal generated by the s® (g) 1 — 1 (g) 

We remark that p : A x B —?> C respects the Z-grading and the Q-grading. In other 
words, let / 3,7 € Z or Q and let x G {A)ji,y G {B)^. Then p{x,y) = 0 if /3 + 7 / 0. 

Proposition 3.1. The Hopf pairing p : Ax B —> C satisfies: 

(3.8) p{K^{w),Kfi{z)) = 1 = p{(j)'^{w),(j)~{z)), 

(3.9) piE+{w),F-iz)) = 

z — w 

(3.10) p{F+{w),E-{z)) = 

z — w 

Proof. As K^{w) = sii(t(;) and Kfi{z) = tii{z), we have by Equation (13.71) 

p{K^{w), Kfi(z)) = p{su{w),tii{z)) = 1, Tis\i\tfj>) = for i,j = 1,2. 

It follows that p{(j)^,(j)Q) = p{{sfi)~^sf^,{t^^^)-Hf^) = 1. More generally, p{(j)+,(j)Zn) = 
dm,odn,o in view of Equation ( 12 .4p and the compatibility of Q-grading with p. 

Consider now Equation (13.Op . Let us set 

pi(f+{w),Kf{z)) = g{—), p{E+{w),F-{z)) = h{-). 

z z 

In Equation p3.7p . by taking {i,j, a, b) = (1, 2,2,1) we get 

(a) : p(K^(w)E~^(iv), E~(z)Kf (z)) = pisi 2 (w),t 2 i(z)) = 

The hrst equality comes from the Gauss decomposition. From the coproduct formula 
A(K^(w)E^(w)) = K^(w)E~^(w) ig) K^(w)(f>'^(w) — si 2 (w) 0 S 2 i(w)E~^(w) 

+ Kf (w) g {w)E^{w) -I- Si 2 {vj)E^{w) g S 2 l{vj)(fi^ (w) 

it follows that the LHS of Equation (a) takes the form 

LHS{a) = p{K^{w)E"^{w),F~{z))p{K^{w)(fi^{w),Kfi{z)) 

-p{si 2 {w), F~ {z))p{s 2 i{w)E+ {w), Kf (z)) 


p{(fi^{w),K.^ (z)) = —— 
qz — q 

p{K+{w),(p~iz)) = 
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The coproduct formula for {z),F (z) implies that ip{s 2 i{w)E~^(w), ( 2 ;)) = 0 and 

111 

ip{K^{w)(l)'^{w),K:[{z)) = <f{(l)'^{w),K:[{z))<f{K^{w),K];{z)) = g{—), 

z 

in 

ip{K+ {w)E+ (w), P-(z)) = (p{E^{w),E-{z))ip{K^{w),l) = ^( 7 )- 


Henceforth Equation (a) gives rise to the following equation: 

(i-): ,(”)/.(“) = 

z z qz — q ‘^w 

Let us compute g{^) in a different way by using 

111 

ct>+{w) = (t)t + - AE+{w)Ei + EiE+{w)). 

q-q ^ 

The coproduct formula for K^{z) implies that ip{EiE~^{w),Ki {z)) = 0 and 


5'(-) = (z)) + _^_^ y?(E+(u;)Fi,Er^ (z)) 

z Q Q 

ip{Ei,ti2{z))(p{E^ {w),t2iiz)) 


= q ^ + 


w 


- q 


= ^ ^ + q-7_ ^)‘fiE"^iw),E (z)Er^ (z)). 

From the coproduct formula for E~^{w) and from Ei = — 


ip{E+{w), E {z)K^ (z)) = ip{E+{w), E {z))ip{4>+ (w), (z)) = g{—)h{—) = — —^^ 3 ^, 

z z qz — q 


v(f., 4‘>) = -v(4V(4“')-‘,4;') = -,,((47)-',47)4,(47,4V) = - 


hl)7hO)N-l hi) 


(0),-l hO)x 


.( 1 ) hl)^ 


q 


-1 


q 


,w 


gi-) = q-^- 


w 


q ^ ~ q{q~ q )z z — w 


Z q 


-1 


qz — q qz — q 


Now Equation (b) gives us the desired formula for h{^). Equation (13.91) is proved. 
The proof of Equation (I3.10p is parallel to that of Equation (13.9p . 


□ 


In terms of Drinfeld generators, Proposition 13.11 becomes 


Corollary 3.2. Let m,n (z Z>o and s,t ^>o- We have 


q^{hs, h_t) = ^{Cs, C.t) = 0 , q^ihs,C.t) = 

s[q-q 

L’i.Efm E—yi) — ^mn{q q ); ^{Eg, E_j) — dst{q ?)■ 


q,iCg,h-t) = 

s[q-q 


There are other choices of Hopf pairing (for example, by replacing the denominator at 
the RHS of Equation (13.7p with zq~^ — wq or more generally with zx — wy where x,y G C^), 
which should lead to slightly different universal ii-matrices. 
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4. Orthogonal PBW bases 

In this section, we prove some orthogonal properties of the Hopf pairing ip : Ax B —C. 
Let !B be the following totally ordered subset of A: 

• • • < (<^+)-lFn < < • • • < < ( 0 +)-'F 2 < 

< hi < h2 < <■■■< hg < hg+i < ■ ■ ■ < Cl < C 2 < ■ ■ ■ < Cg < Cgj^i <••• 

< Lio < -El < £’2 < • • • < < En+l < ■ ■ ■ . 

Let !B_, !Bo and 23+ be the totally ordered subset of 23 consisting of elements from the first, 
second and third row above respectively. We remark that the above vectors are linearly 
independent, taking into account the Z-grading, the Q-grading and Corollary I.S.21 
For 6 € 23, define 6 “ G i? in the following way; let s G Z>o, n G Z>o 

((c^+r^Fg)- := h-=C.g, Cg-:=h_g, F- := F_^. 

Let r be the set of functions / : 23 —>■ Z>o such that: f(b) = 0 except for finitely many 
6 G 23; f(b) < 1 for 6 G 23_ U 23+. For / G F, define the following ordered products: 

—^ ^ 

F(f) := n e A, F(f) := J]G B. 
fee® be® 

Proposition 4.1. For /, 5 ; G F and k,k' G A Cl B products of the 

(4.11) FikEif), k'E{g)) = ip{k, k')6pgi-l)^»<^' [] f{b)\ip{b, 

beB 

Proof. The idea of proof is similar to that of Damiani [Pali Proposition 10.5]. Our situation 
is much more transparent as we have the explicit coproduct formula. Let us first prove the 
formula ip{kE{f),k'F{g)) = (p{k,k')ip{E{f), F{g)). 

Let ip 2 ■ A®^ X B®^ —>■ C be the bilinear form 

(^ 2(0 ( 8 ) o', 6 (g) b') := (— 1 ) 1 ^ 11 ^ ^¥^( 0 , b)(p{a',b') 

for a, a' , 6 , b' homogeneous. Then from the definition of Hopf pairing 

ifikEif), k'F{g)) = ip 2 {{k ® k)AiE{f)), k' 0 E{g)). 

Claim 1. For 5 G 23, we have A( 6 ) — 1 0 6 G 23^ ( 8 > A. 

This comes from Proposition 12.11 Since ip{k‘BA,k') = 0, we see that (p{kF{f),k'F{g)) = 
ip{k,k')ip{kE{f), F{g)). Let (23)“ := {b~ G B\b G 23}. The following is clear. 

Claim 2. For 6 G 23, we have A( 6 “) — 6 “ 0 1 G i? (g) H(23)“. 

Thus (p{kE{f),F{g)) = (p{F{f),F{g)). To prove Equation (14.lib , we can assume k = 
k' = 1 and ip{E{f), F{g)) ^ 0. We proceed by induction on the length of 5 G F defined by 

be® 

If l{g) = 0, then F{g) = 1. Clearly, ip{F{f), 1) 7 ^ 0 if and only if E{f) = 1, if and only if 
f = g. The initial statement is proved. Let i{g) > 0 and assume (14.111) whenever the length 
of the second function is less than £{g). Let bi (resp. 62 ) be the minimal (resp. maximal) 
element 6 G 23 such that f{b) > 0. We consider three cases separately. 








QUANTUM AFFINE SUPERALGEBRAS 


9 


Case I : bi = G 23 _ for some I > 0 . Let 51 G F be obtained from g by replacing 

g{bi) = 1 with 51(61) = 0 . By definition F{g) = b'^F{gi). 

Claim 3 . We have (/?(A(!Bo U 23 +), 6^) = 0 . 

This comes from the coproduct formula A(6^); the first tensor factors of A(((^q 
are always orthogonal to Tq U 'B+ with respect to (p. Let us write E{f) explicitly: 

—>■ 

E{f) = H ' 

6G®oU®+ 

with 1 < ni < n2 < • • • < Us and s > 0. 

Claim 4 - For 6 G "Bq U B+ we have A(6) — 1 (8) 6 G (Bq U B+) 8 A. 

This comes from Proposition 12.11 In view of Claim 3 , we see that 

(*): p{E{f),F{g))=MA([l{(^+)-^FnJ{l^ J] bEb^),{cP^)-^E_i ^ Fig,)). 

i=s 6g®oU®+ 

From the coproduct formula A(6) with 6 G B_ and from the compatibility of tp with the Q- 
grading we deduce that s > 0 and there exists 1 < j < s with rij = 1 . Since the { 4 >Q)~^ 4 >f 
for f > 0 are products of the central elements Cp G Bq, Claim 3 implies that the only 
possible tensor factor of at the RHS of the above identity contributing 

to non-zero terms will be 

j+i 1 

n(l ® X 8 X n (1 8 ( 0 o+)“'i"nj. 

i=s i=j — l 

This says that the RHS of Equation (*) takes the form 
RHS{*) = i-l)^-^^\^^^'^\piicP+)-^Fi,i<P^)-^E.i)x 

• • • (0o+F>n, • • • n bE^^^Eig')). 

&e2oU®+ 

Let /i G T be obtained from / by replacing /(61) = 1 with /i(6i) = 0 , then 

F{g) = 6rF(5i), Eif) = (-l)^-^6iE(/i), 

piEif),Eig)) = (-l)^-^+l^(^i)l<^( 6 i, 6 r)¥.(E(/i),F( 5 i)) 

Now p{Eifi), Figi)) 7^ 0 . The induction hypothesis applied to 51 implies that fi = 51. By 
the definition of 51, we see that f = g and j = s. 

Case II : 62 = En G B_|_ for some n > 0 . Let 52 G F be obtained from g by replacing 
5(62) = 1 with 52(62) = 0 . It follows that Eig) = ^(52)6^. Similar to Claims 3 , 4 : 

( 3 ’) (^((B_UBo)A6^) = 0 . 

( 4 ’) For 6 G B_, we have A(6) — 68((/)o')“^ G ^8B_; for 6 G Bq, we have A(6) — 681 G 
1 8 6 -I- T 8 B_(/)q . 

Since is a central element, as in the case 61 G B_ we have 
(**): p{Eif),Eig)) = (^2(A(E(/)), ^(52) 8 63-) 
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= v’2ii n n 

feG®-U®0 6e23_ feG®+ 

It follows that f{b 2 ) = 1. In particular, write 

n 5/('>) — E E ■ ■ ■ E 

^ -^mt 

with t > 0, mj = n for some 1 < j <t and 0 < mi < m 2 < ■ ■ ■ < mt- Since the {(f)^ 
for i > 0 are products of the central elements Cp £ ‘Bq, by (3’), the only tensor factor of 
A(nL Errii) contributing to non-zero terms in Equation (**) will be 
1-1 t 

Y[{Emi 0 </>^) X (1 ® Emj) X Yl (E^. ® (/)+). 
i=l 

The last term of Equation (**) becomes ((/>^ can be ignored.) 

—y 

{-iy-^+\P(32)\^(En,F_M{ J] bf^^yEm,Em,---^E--Ern,,F{g2)). 

beB-UBo 

Let /2 £ E be obtained from / by replacing f{b 2 ) = 1 with / 2 (& 2 ) = 0. Then 

E{f) = E{f 2 )h 2 , E{g) = F{g 2 )b^, 

g^{E{f),E{g)) = {-iy-^FF{g2)\^^E{f2),F{g2)Mh2,h:^). 

The induction hypothesis implies that f 2 = 92 - It follows that f = g and j = t. 

Case III : 61,62 S Bq. Erom the coproduct formula A( 6 ) with 6 £ Bq, we see that any 
second tensor factor of A{E(g)) is orthogonal to 23_. This says that /( 6 ) = 0 whenever 
6 £ B-. Next, any first tensor factor of A(E(g)) is orthogonal to ‘B+. So /( 6 ) = 0 whenever 
6 £ Write F{g) = 6 j"F( 5 i) with gi defined as in the case 61 £ B^. Consider 

^{Eif), F{g)) = ^ 2 {A{E{f)), 6r O F{gi)). 

As E{f) is a product of the b G 'Bq? from Proposition 12.II we deduce that 

A(£{/)) - n (1 (g) 6 -h 6 ® 1) £ AB+ ® AB_. 

beBo 

Note that g^^ABj^^b^) = 0. It follows that 

^{F{f),F{g)) = ip 2 { P (1 (g)6-h 6(8) ^F{gi)). 

beBo 

According to the following lemma, /(6i) > 0. Let /a £ T be obtained from / by replacing 
/( 6 i) with / 3 ( 6 i) = /(6i) - 1. Then E{f) = biEif^) and 

‘fiF{f),F{g)) = f{bi)if 2 {bi^ E{fy,b^ ^F{gi)) = f{bi)(p{bi,b^)if{E{f 3 ),F{gi)). 

Erom ip{E{f 3 ), F{gi)) / 0 it follows that /s = gi. Henceforth f = g, as desired. □ 
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Lemma 4.2. Let s > 0 and xi, X 2 , • • • , G ‘Bq- Bet y G Bq. If ip{xiX 2 ■ ■ ■ Xs,y ) / 0, 
t/ien s = 1 and xi = y. 

Proof. If s = 1, then according to Corollary 13.21 xi = y. Suppose s > 1. Set y' := 
xiX 2 ---Xs-i. Then ip{y',l) = 0 = ip{xs,l). On the other hand, by Proposition 12.11 
A(y~) — ( 8 ) 1 — 1 ( 8 ) is either zero or a sum of the Em < 8 ) with m < 0 and n < 0. 

The compatibility of (/? and the Q-grading says that 

ip(^Xs, Em)p{y 1 Tn) — 0. 

So (fiiy'xs, y~) = (p{y', y~)(p{xs, 1) + (p{y', l)(p{xs,y~) = 0, a contradiction. □ 

5. Universal i?-MATRix 


In this section, we write down the explicit formula for the universal i?-matrix of the 
quantum affine superalgebra U = t/q(gl(l, 1)), following the general argument in [Dali §3]. 

Let h be a formal parameter. Let us extend U to a topological Hopf superalgebra over 
C[[h]] by adding primitive elements 61,62 and by identifying 


q = e 


„(o) _ „h6i 


€ = 


Now A, B and the Hopf pairing ip : A x B —C are extended similarly to Afi, Bfi and 
if : Afi X Bfi —C((h)). Let us hrst determine the ip{6i, 6j) with i,j = 1, 2. As the 6i G Un 
are primitive elements, the proof of Proposition 14.11 says that 

It follows from Proposition 13.11 (and its proof) that 

0 - 1 " 

-1 - 2 , 




Set := h(—26i + 62 ) and 62 = Mi. From the relations of Drinfeld generators it follows 
that Afi (resp. Bfi) has a topological basis 6 f^^ 6 ^^E{f) (resp. 61)'^^ 62 )^'^F(f)) 

where mi,m2 G Z>o and / G P. By Proposition 14.11 these two bases are orthogonal with 
respect to ip. The universal i?-matrix B is then the associated Casimir element: 

(5.12) B = B:B_BoB+ g An^Bfi, 

= g5i(g)(52+52i8)(5i—2(5i(g)(Si 


(5.13) 

(5.14) 

(5.15) 

(5.16) 


B_ = n (1 




= n 

6G®+ 


6(8) u 

ip{b,b- 

6 8 ) 6 “ 
ip{b, b- 

b®b- 


11(1 + 


)-^F, 8 ) 

r, r,-l 


5 = 00 

00 


n(i+ 


En 8 F_r 

n-l — n 


), 


72=0 


)^exp{(g-g ')Un 


{q 8 8 /i_s)). 


Remark 5 . 1 . By the quantum double construction, we have: for x G 1 / 

(Ma 8 A)(B) = B 13 B 12 , (A 8 IdB)(B) = B 13 B 23 , BA(x) = A“P(x)B. 
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Let 3 ^( 2 ), be obtained from IR, o by replacing the Fg, En,hg,Cs in the last 

three equations with the FgZ^,EnZ"',hgZ^,CgZ‘^ respectively. So lR±,o('2) G 17®^[[z]]. As a 
first application, let us deduce the Perk-Schultz matrix R{z, w) in Equation (j2.ip from 3?. 
There is a natural representation p of Ufi on the vector superspace V [Zh2l §4.4]: 


{p{sij{w)))l<i,j <2 — 


_ ({q-q w)Eii + (1 - w)E 22 


{q-q ^)Ei 2 


{q-q ^)wE 2 i (1 - w)Eii + {q ^ - qw)E 22 J ' 

From the Gauss decomposition we can deduce the action of the Drinfeld generators: 


p{En) = q {q-q )Ei 2 , p{En) = q - q)E 2 i, p{Cg) = - 

for s € and n G Z. Now let us compute the following R{z) G EndV®^[[z]] 
R{z) := p®\'R{z)) = p®\X)R.{z)Ro{z)R+{z), 


[^] 


o®‘^{%) 


p^'i {g — {S\—52)®{S\—S2)—5l®&l+&2®S2\ _ ^ —1—i?ii(S)i?ii+i?22®E22 


R.{z) = p^\ 


= Q 

^o)~"E g 


1-1 


)) 


nd+woTi!^ 

s>0 ^ 

^ - 9)(r - q~')E 2 i G Ei 2 = 1 - 


{q-q ^)z 


s>0 


q~ 


q 


1 - z 


E21 0 Ei 2 , 


Ro{z) = 


= ( 


p®^exp((g-g ‘"hg^C-g + q^Cg^h-g)) 

1 „ 1 


1 — q~^z 


En + 


l-z 


E 22 ) ® ((1 - q z)Eii + (1 - z)E 22 ), 


R+{z) = 


:n(i + 


1-1 


z’"E„ (8)F_„ ,, q-q c. ^ zT^ 

-)) — 1 H— - Ei2 0 E 21 . 


n>0 


q 


-1 


q 


1 - z 


It turns out that R{z) = L=i- 

^ ^ q ^z—qw' ^ ^ 

As another application, let us deduce the Baxter polynomiality for U in the spirit of 
Frenkel-Hernandez m- For a G C^, there is a representation tt^ of A on V defined by: 




_ ( T^Eu + 


—za 

1—za 


E 21 


\^E ,2 

Ell + G^^22, 


Based on the Gauss decomposition, we get: for s > 0, n > 0 

7ra(5l) = Tla{S2) = -E22, Tla{hg) = = -TTa{Cg), 

s{q-q 

T^a{En) = 5no{q~^ “ q)a!^Ei2, 71a{Eg) = 5gia^E21. 

For c, d G with c 7 ^ ±1, there is a representation pc.d of 1/ on V: 


{'^c,d{Sij{z)))l<iJ<2 — 


1—zd XT’ I ^—zdq Z71 ^{q ^ —q){dF —d) jji 

^131^^11 + c \_^^/ E22 C --Fi2 


1 —zcZc^ 


E 2 I 


+ 9 '-^ffl E22 

l—zdc‘‘ 
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and IT=—z ‘^{1 — zdc^){l — z ^d ^TTc,disij{z)). Similarly 

# m2® - 1 c2 ® - q2 ^ ^ ^ d® c2® - 1 


7rc,d(</>o ) = > T^c,d{hs) = —{ -r-Eii H-r-®22), t^cACs) = --T^'^v, 

s q — q~^ q — q~^ s q — q~^ 

T^cAEn) = {q~^ - q){dc^ - d)d^Ei 2 , tTcAEu) = d~^c~^d'^E 2 i. 

A straightforward calculation indicates that 

{iTa^TTcAi^iz)) = fcA^^)EcA^A ^End{Y^^)[[z]], 

(g® + r^)(c-2®-l)d-® 


fcAA = exp(^ 


s>0 


siq^ -q ®) 


RcAA — Ell -^11 + ^ _ (i-i^ Eii E22 H- ^ E22 ^ Ell 

c d ^ fl — c^')z 

+ - , 1 E22 < 8 ) E22 + - - , 1 Ei 2 0 E21 + -- , E21 < 8 ) -Ei 2 - 

1 — d~^z 1 — d~^z 1 — d~^z 

Now let Cj,dj G be such that 7 ^ 1 for 1 < j < n. Let vTc^d be the tensor product 

representation ®Ai’^cj,dj of f7 on fL := V®”. For 0 < m < n, let Wm be the subspace of 

W spanned by the tensors Vj^ ® Vj^ ® ® Vj^ containing exactly m ui’s. Write 

Aa 0 tTcAWz)) = Ell ® ^ii(az) + E22 ® A22{az) + E12 ® ^12(02) + -E21 ® ^21(02) 

with Aij{z) € EndPF[[z]]. The Wm are stable by the AAz). By Remark l5.II 


Corollary 5.2. (]^ 

j=i 


l—d. , 
fcj ,dj {A 


X Aii{z)\w^ 


is a polynomial in z of degree m for i = 1,2. 


This resembles lEHl Theorem 5.9] (if we regard 71 ^ as the positive prefundamental module 
Rf^ in loc. cit). By definition Aii{z) = tTc^^AE{z)) where 

rn \ z%q-^C-s - 

T{z) := exp(2^-^-) G U[[z]]. 

s>Q 

By [Zh2] . all finite-dimensional simple [/-modules are tensor products of the with one¬ 
dimensional modules. The corollary above also indicates the polynomial action of T{z) on 
tensor products of finite-dimensional simple [/-modules. (Compare |FHl Theorem 5.13].) 

We end this section with the following Drinfeld new coproduct on U. Let : U — > 
U^‘^[z, z~^] be obtained from A by replacing v^w G [/®2 with z'^v 0 w whenever |?;|^ = n. 

Define aA\x) := lR+{z)Az{x)lR+{z)~^ G U^‘^{{z)) for x G U. By Proposition 12.11 

AA\hs) = 1 0 h, + z^hs ® 1, aA\Cs) = l®Cs + z^Cs ® 1, 

Ai^\EA = l®En + Y. E^^'^En+k ® 4>--k^ ^?\EA = z^Fn®l + Y, ® En-k. 

k>0 k>0 

Similar Drinfeld new coproduct has been obtained in |Zy| by different methods. 
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